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The energy dispersion of the chain band has been determined in the framework of the Hubbard 
model. The results are in agreement along the T-S and T-Y lines of the Brillouin zone with 
photoemission data. The amount of d3z2_r2 states is zero at y = 0 and increases to 10% at y = 1. The 
admixture is due to the hybridization of Cu(l) dy2_z2 states with Cu(2) d322_P2 states via apical 
oxygen. The effect of this admixture on the NQR frequency of Cu(2) is discussed.
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I. Introduction

Our calculations were stimulated by the following 

experimental data. According to photoemission studies 

([1] and references therein) a considerable amount of 

states with d3z2_r2 symmetry resides near the Fermi 

level. The reason for that has not been quite clarified 

yet. The amount of d3z2_r2 allows for an explanation 

of the NQR frequency of Cu(2) [2]. High-resolu- 

tion photoemission measurements are reported for 

YBa2Cu30 6+), [3]. Two bands intersecting the Fermi 

energy on the T-S line were observed. In contrast to 

the prediction of the usual band theory the observed 

dispersion is small. One of the reasons for that is that 

usual band theory fails for systems with strong elec­

tron correlation. In high-temperature superconduc­

tors (HTSC) the intra-atomic interactions of copper 

and oxygen states are very strong with respect to usual 

metals, and therefore the Hubbard model provides the 

proper theoretical background.

This paper is organized as follows. First, we present 

a Hubbard-like Hamiltonian for a model which con­

tains two planes and one chain per unit cell and thus 

the main electronic charge transfers. The energy spec­

trum is determined with the help of Greens functions.
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The equations of motion are determined in the Hub- 

bard-I approximation and are solved numerically. 

The resulting bands are compared with photoemis­

sion data. Finally we compare with experimental data, 

namely with the doping dependence of the NQR fre­

quency.

II. Model Hamiltonian and Energy Spectrum

The orbitals, which are taken into account, are 

shown in Figure 1. Figure 1 a represents the undoped 

case with no holes in the chain. Oxygen doping intro­

duces holes into the chain and plane orbitals of 

Fig. 1 b, allowing for a hybridization between them. 

The whole Hamiltonian is then given by

H  ^ p la n e  ^ p la n e  T^chain ^ in t * (1 )

Vint describes the hopping of holes between planes and 

chain via the apical oxygen. The plane Hamiltonian 

reads

H = ̂ x r a + eex rra + z py
i a ia  j a

+ z  p f 0 + paj ’° x?'°) 
ij

+ I  tffiY*'0 p*'° + pJ-° I f ’*7) + Z  t)f p°y° p°r’°
O' jj‘

+ (Vpd- K pd) Z ^ t ^ .  (2)
i
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Here Xaa and Yaa are Hubbard operators for |s) = 

|x2 — y2} and |0) = |3z2—r2) copper states, pj° 

is the hole creation operator for oxygen in the 

lower Hubbard band and iJ/f is the creation operator 

for Zhang-Rice singlet states of copper and oxygen 

holes [4]

1
(3)

The linear combination Pia of the four pa oxygen hole 

states around a copper hole |dx2_J,2) state is

pig = i  (pji) o, * _  p(2) o,, _  p(3> o,, + p( 4) o. (4)

The expression for Kpd is given by

6 1.5

Uiä - A ,- 2VpJ + Vpp + A<
(5)

It is caused by the virtual exchange via the upper 

copper and oxygen Hubbard bands only. All param­

eters needed for our model were already discussed in 

[5, 6]. A j is the charge transfer gap of about 2 eV. The 

Coulomb repulsion of holes at the copper and oxygen 
site amounts to Udd ~ 9 eV and U_ ~ 6 eV, respec­

tively. The terms in (5) occur in accord with those of 

Matsukawa and Fukuyama [6], because we took into 

account the exchange interaction of the copper 

ground state | x2 — y2) with the excited copper state 

\x2 — y2}, which in turn hybridizes with the oxygen pa 

orbitals too. Udd- is an effective repulsion energy of 

holes in |x2— y2} and |3z2— r2> states, which is 

about 8 eV. A2 is the charge transfer energy from 

oxygen to excited copper states |3z2— r2>. Its value 

is about 3 eV [6]. With these values Kpd is accord­

ing to (5) about 2.3 eV. Furthermore we use according 

to [5, 6] and references therein the following parame­

ters: Kä = i eV, charge transfer energy from the 

oxygen to the | x2- y 2) copper state ep — e£=2eV, 

copper-oxygen transfer integral r0 = 1.2eV, transfer 

integral between the nearest oxygen atoms 

tpXy — lxPz — ty~ = 0-6 eV and between the next nearest 
oxygen neighbours tpxpx = t™ = tpzf = 0.4 eV. The axial 

copper orbital 13z2 — r2> lies ee — e£ = 1 eV above the 

planar copper orbital, and the energy eju<1) of the chain 

\y2 — z2> copper orbitals lies 0.8 eV above ee .

This model leads to a 12 x 12 eigenvalue equation, 

which is constructed employing the Greens function 

method. The coupled equations of motion are termi­

nated by the Hubbard-I approximation. For the matrix 

a = atj of the eigenvalue equation

a - IE  1 = 0 (6)

we obtain

a =

e£

0

1/3 P,tl

1 
1 

 ̂
 ̂

• 
° — i j/3 Pe tl 

i pe txk 

£*pk 

Pptly

i] ß P A

iPetl

Pptiy

FyEpk

0

Pe tae-ik"  

i Pp ttz e~iklC 

iPptV e~ik"

0

0

0

0

1/3
0 P'ptaeik’c ~i Pp ttz e‘klC ~iP; tV eikzC p(4>

bp

0 0 0 0 _ J /A t p' eik*c2 0 rd e
pCu(l)
bd

0 0 0 0 ~~ i Pp tykz eik*c - i]ßp 'pti

- ^ - p ; t a e“ 
2

0 0 0 0 p> tzz e2ik,c

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
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where we used the abbreviations

. kxa kva
txk =t* sin —  , tyk = ta sin , (8)

txkx =  2tpp cos kxa, tyky =  2 tpp cos ky a , (9)

tky = 4 tpp sin sin , (10)

lkZ = 2tpxpz sin , t r  = 2tpp sin (11)

tz z = t pp, (12) 

expk =  zp - P p tXkX, 6 ’ k =  e ,- P p ti’ , (13) 

eypk = ^ - P p tV  (14)

for the transfer integrals and diagonal terms. e£u(1) is 

the energy level of the chain | y2 — z2> state, ep are the 

energies of px and py in the chain and e*,4) that of the 

p'z state of the apical oxygen. The Hubbard reduction 

factors P  are the thermodynamic averages over the 

anticommutators of the corresponding hole opera­

tors. For short we present here only the final values for 

YBa2Cu30 7:

3 = 0.6, Pe = 0.9, Pp = 0.875,

Pi = 0.7, p; =  0.85. (15)

A prime in Pp and PJ denotes always Hubbard reduc­

tions for the related chain bands, where mainly the

0 0 0

0 0 0

0 0 0

0 0 0

iPp tV e~ikzC r , r
Z e-i2ktc

0

2
Pd tae~iklC 0

sU t y * e - i k * c 0

iP'p t{z eiklC P<4)
fcP -iP'ptVe

0 iP'p tV eiklC fypk

0 iPp t lz eikxC PptXky

0 P*taeik'c i P& tk

0 0 i]/3Pctl

\y2 — z2)  and the p'y states enter. In particular Pp refers 

also to the apical oxygen p'z orbital.

Figure 1 shows the 12 orbitals which are included 

here. The planar |x2 — y2} and |px>, |py> orbitals in 

Fig. 1 a determine the plane bands. The chain band is 

governed by the orbitals \y2 — z2> and p'y, which are 

shown in the middle part of Fig. 1 b. Additionally the 

hybridization between \y2—z2) and the axial plane 

orbital 13z2— r2> via the apical oxygen pz state mixes 

a small amount of 13z2 — r2> into the chain band. This 

electronic path is also sketched in Figure 1 b.

Figure 2 shows the numerical solution of (6) and (7) 

for kz = 0 along the diagonal of the Brillouin zone and 

along the ky axis. Bands I and II are the lower anti­

bonding Hubbard bands which have mainly |x2 — y2> 

character. The full dispersion of bands I is represented 

in Figure 3. In the antiferromagnetic isolator these 

bands are completely occupied. Band III is the 

|y2— z2> chain band dispersing through the Fermi 

energy in YBa2Cu30 6 + J, at high enough doping 

y > 0.4. The two bands IV and V are the axial 

13z2—r2} plane bands, followed by the nonbonding 

(two-fold degenerated) and bonding oxygen bands VI 

and VII. We mention that a second band, due to the 

Zhang-Rice singlet states in the last term in (2), crosses 

the Fermi energy. We omitted it in Fig. 2 for the sake 

of clearness and because only knowledge of its exis­

tence rather than its details is necessary for discussing 

the NQR frequency. The details are given in [7]. For 

our present purpose we state that the oxygen holes,

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

P'ptV e~iktC Pptae~ik'c 0

Pptxky -iPptt - i] f iP Ptl

E*pk -iPptt i]/lPptxk

iP0 tl 0

-i]fi>PA 0 ee
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Fig. 1. Schematic picture of orbitals which are (partially) 
occupied with holes in the undoped case (a) and after doping 
with oxygen (b).

Fig. 2. Calculated enery spectrum along the diagonal (a) and 
along the ky axis (b), representing bands with mainly copper
(--- ), mainly planar oxygen (--- ) and mainly chain and
apical oxygen (........ ) character.

" «W

The Energy Dispersion of the Chain Band in YBa2Cu30 6+>

Fig. 3. Energy dispersion for the lower Hubbard band I in 
Fig. 2 in the whole Brillouin zone.

e (ft)

Fig. 4. Energy dispersion for the chain | y2 — z2> band III in 
Fig. 2 in the whole Brillouin zone.

which are responsible for the reduced lattice contribu­

tion (16) at increased doping, reside in this band (see 

section III).

The bands near EF have recently been studied by 

Liu et al. through angle-resolved photoemission [3]. 

For comparison the dispersion of the chain band III 

in the whole Brillouin zone is given in Figure 4. It 

shows the right behavior along the diagonal and the 

kx and ky axis. According to Liu et al. the chain band 

has a strong dispersion along the T-S diagonal, 

where it intersects EF. A weaker dispersion was found 

by them along the lines T-X and T-Y in agreement 

with Figure 4. For a numerical comparison the chain
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Fig. 5. Energy dispersion of the chain band in comparison 
with photoemission data (□).

band was drawn in Fig. 5 along the diagonal together 

with photoemission data [3] for y = 0.9 using the hole 

picture. The agreement is excellent. The second band 

that Liu et al. found to cross at EF is attributed to the 

singlet correlated band [7],

III. The Electric Field Gradient at Cu(2)

There are four important contributions to the elec­

tric field gradient (EFG) at Cu(2). The EFG from the 

effective charges of the lattice is given by [2]

S i
R]

(16)

where y^ is the antishielding factor [8]. The gradient 

produced by the |e> =  \x2 — y2} and 10> =  13z2 —r2> 

copper states has the form [2]

(nc- n e) ( l - R d), (17)

where nE and n0 are the numbers of copper holes in the 

related states and Rd is the R-antishielding factor. The 

term due to the asymmetric overlap of the 3 p copper 

core states with the 2p oxygen states can be written 

as [9]

(S f, .  +  S ? „ +  S l , J .  (18)
16 / 1

<?3 =
3 p

The fourth contribution stems from the asymmetric 

overlap of the 3d copper with the 2p, 2 s oxygen states

and virtual charge transfer processes [10]

Pa =

-35 3d n 3 S l d s +  5 7 3d 7t ( y 3d7t ^ ^ 3 d j t ) ]  • (1 9 )

Here y3da and y3dn are the so-called covalence 

parameters. These contributions were evaluated for 

YBa2Cu30 6 using Hartree-Fock wave functions of

Cu2 + and O 2  - for the expectation values and

the hybridization terms [10], yielding the following 

values in MHz

q, = 30.5, q2= -  97.3, q3 = 16.4, q4 = 28.5. (20)

The NQR frequency of Cu(2) in YBa2Cu30 6+y is 

considerably influenced by the number of holes. It is 

22.4 MHz at y = 0 and 31.3 MHz at y = 1 [11]. In our 

model the number of |3z2 — r2> holes in the chain 

band is zero at y = 0 and increases up to 10% at y = 1. 

The admixture is due to hybridization of Cu(l)

|y2 — z2s) states with Cu(2) |3z2—r2> states via the 

apical oxygen, see Fig. 1 b. The EFG’s in YBa2Cu30 6+y 

were calculated by Schwarz et al. using their full- 

potential linear augmented-plane-wave model within 

the local-density approximation (LDA) [12, 13]. Here 

we use the hole picture for a discussion of their results 

in connection with ours. Schwarz et al. find rather 

good agreement of the theoretical EFG’s with the 

experiment at nearly all sites, except of Cu(2). They 

state that the number of holes in the 13z2 — r2> orbital 

was overestimated by their calculations [12]. This is 

probably due to LDA, because further inclusion of 

correlation effects would lead to narrower bands. For 

the given band structure that would lead to a smaller 

hole occupation in the 13z2 — r2> state. To make their 

results agree with experiment a transfer of 0.07 holes 

from 13z2— r2> to \ x2— y2} states would be needed in 

the case of YBa2Cu30 7. That would lead to an axial 

hole occupation inside the copper sphere of about 0.04 

[14]. This occupation number is already lower than 

our value. On the other hand the number of | x2 — y2> 

holes, which are affected most by correlation, is con­

siderably lower in [12] than our value of about 0.8.

The comparison of [12, 13] with our results shows 

that, refering to LDA, additional inclusion of many- 

particle correlation hould deplete the number of holes 

with 13 z2 — r2> symmetry (fills these states with elec­

trons) and increases the number of |x2— y2} holes 

(empties these electronic states). This trend is also sup­
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ported by comparing the results of [12] with experi­

ment. In this respect first principles EFG calculations 

that go beyond LDA are of interest.

On the other hand, the slight tendency in [12] that 

doping enhances the axial Cu(2) hole occupation is 

much more pronounced in our calculations. From (17) 

and (20) one would expect a decrease of the EFG with 

doping, in contrast to experiment [11]. This may be 

explained by the fact that the doping reduces the effec­

tive charge of the oxygen ions near Cu(2), leading to 

a strong decrease of the lattice contribution (16), 

which has the opposite sign to (17). It is known from 

various experiments that holes go mainly into the 

oxygen orbitals. So there is considerable evidence that 

the lattice contribution (16) falls more strongly with 

doping than the amount of the local valence contribu­

tion (17) but both together result in a growing EFG. 

This is also consistent with the idea [15], that the 

Cu(2) NQR signal corresponds only to oxygen en­

riched regions in the plane.

IV. Conclusion

We have shown that the Hubbard model provides 

an accurate description of the energy dispersion of the 

chain band in YBa2Cu30 6+r The band width gets 

narrower than that of the usual band theory due to the 

many-particle band renormalization factors P in the 

Hubbard model. The band behavior along the main 

symmetry lines is in qualitative agreement with mea­

surements by Liu et al. [3], especially with respect to 

the dispersion of the broader band crossing EF. More­

over there is quantitative agreement with [3] along the 

T-S line. Indeed, according to Bucher et al. [16] the 

resistivity parallel to the 6-axis gb in YBa2Cu4O g orig-
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